Introduction and motivation
If G is an Abelian topological group, a character of G is a continuous group homomorphism from G into the unit circle T, the latter equipped with the topology inherited from the usual complex plane. Thus G, the character group of G, is defined by G := {h : G → T | h is a character}, with group operation defined pointwise: We say that G satisfies group duality if the map
defined by
Ω(g)(h) := h(g) ∀g ∈ G
is a topological isomorphism. The celebrated theorem of Pontryagin-van Kampen states that every locally compact Abelian group satisfies group duality. If G satisfies group duality, we say that G is reflective, and we denote this situation by writing G ∈ D. The class just defined contains also non locally compact groups since it is closed under arbitrary products, as proved by Kaplan [19] . A topological vector space (TVS) equipped with the sum as operation is a priori an Abelian topological group. As such, it is natural to ask if it is reflective. The first attempt in doing so was done by Smith [29] who proved that real Banach spaces and real reflexive locally convex spaces (LCS) are both reflective.
Some other authors have made contributions to the Smith's program, sometimes considering a different topology on the character groups (e.g., Akbarov [1] , Brauner [7] and Köthe [22, §23 9] ), some others giving only sufficient conditions for a LCS to be reflective (e.g., Brudovskiȋ [8] and Waterhouse [30] ). The problem of finding also necessary conditions was overtaken by Kye [23] who offered a full characterization of those real reflective LCS. However his argument is mistaken. Those parts that can be rescued from [23] are enough to still prove that real Fréchet spaces are also reflective, a result due to Waterhouse [30] (although the 1966 German version of [22] states this without any proof). In Remarks 4 and 6 we touch upon those articles mentioned in this paragraph.
Our goal in this article is three-fold: To offer a correct characterization of real reflective LCS, to use it to give a different proof that real Fréchet spaces are reflective, and to offer a series of examples to place our result in the current state of affairs. We do this as follows: Section 2 deals with notation and the initial setting. Our characterization of reflective LCS is the subject of Section 3, whereas a relevant condition to this characterization is studied in Section 4. In Section 5 we reproved Smith's results quoted lines above together with the fact that Fréchet spaces are also reflective. Finally in Section 6 we offer a series of examples, some of them touching upon Kye's paper, trying to test the boundaries of our results.
Notation and preliminaries
The symbols R and T will stand for the reals and the unit circle, respectively, each equipped with its usual topology. E denotes a linear space over R, and t denotes a Hausdorff topology on E such that 
is defined in an obvious similar way. The symbol σ denotes the weak topologies on E and E ; that is: On E σ denotes the weakest topology that makes the elements of E continuous, and on E it denotes the topology of pointwise convergence (also known as the weak- * topology), also characterized as the (necessarily locally convex) topology whose zero neighborhoods are the polars of the finite subsets of E. A ⊂ E[t] is said to be weakly compact if it is a compact subset of E[σ ].
The symbol τ c denotes the (locally convex) topology on E with zero neighborhoods given by the polars of the t-compact subsets of E (note that σ ⊆ τ c ). Finally, the Mackey topology µ is defined as the (locally convex) topology on E with zero neighborhoods given by the polars of the weakly compact, balanced and convex subsets of E. The Mackey-Arens Theorem assures us that 
Proof. Follows from loc. cit. ✷ See also [10, Korollar 1] or [4, 2.3] . . Although we do not use these facts, it could be said that our work, thus, reduces to search when Ω is onto (D1) and continuous (D2).
Our choice for the adjective reflective is clearly borrowed from the term reflexive used in the theory of TVS. In a similar fashion, we call a LCS satisfying (D1) semi-reflective.
Characterization of LCS ⊂ D
We start with a definition due to Kye [23] . Definition 1. We will say that the lctvs E[t] satisfies Property L2 if the balanced, convex and closed hull (bcch) of any t-compact subset of E is weakly compact.
By [22, 20.6 As usually, a TVS is said to be quasi-complete if every bounded closed subset is complete. The following result generalizes Kelley et al. [20, 13.4] , and it is mentioned in passing in [17, p. 235 ]. 
Lemma 1. If E[t] is quasi-complete, then the balanced, convex and closed hull of any
Proof. The first contention is evident; the second follows from the fact that
The following is [4, 15.1] . We believe our proof is simpler. Lemma 4 is contained in [9, 5.3.3] . The importance of this condition has been known for quite sometime; see Michael [24] .
Lemma 4. (D1) if and only if L2.

Proof. (⇐) An application of Lemma 3 and the Mackey-Arens Theorem yield
E = E [σ ] ⊆ E [τ c ] ⊆ E [µ] = E. (⇒) Let A ⊂ E be t-compact and set B := bcch(A). Then B • = A • ⊂ E is a τ c -neighborhood of 0, hence, by the Alaoglu-Bourbaki's Theorem [17, 3, §4, Theorem 1] B = (B • ) • ⊂ (E [τ c ]) = E is
Remark 3. A ⊂ E is equicontinuous in E[t] if and only if there exists a neighborhood
The following has been proved in greater generality in [3, 5.10 ] and [9, 3.1.9]. 
Lemma 5. (D2) if and only if Ascoli.
Proof. (⇒) Let S ⊂ E be τ c -compact. By (D2) S • ⊂ E is a t-neighborhood of 0, hence by [17, 3, §4, Proposition 6] (S • ) • ⊂ E is equicontinuous. Since S ⊂ (S • ) • , S
Property L1
Recall that in a locally convex space any absorbing, balanced, convex and closed subset is said to be a barrel (cf. [17, 3, §5, Definition 2]). Definition 3. We say that W ⊂ E is a k σ -neighborhood of 0 if for any t-compact subset K ⊂ E containing 0, there exists a σ -neighborhood U of 0 such that U ∩ K ⊂ W ∩ K. t kσ will denote the topology on E whose zero neighborhoods are the t-barrels which are also k σ -neighborhoods of zero.
In other words t kσ is the maximal locally convex polar topology such that E[t kσ ] and E[t] have the same compact subsets. For, t ⊆ t kσ , and t kσ lies between t and its k-group extension k g (t) [25, Proposition 1] . See also Example 4 infra.
Kye [23] introduces (an equivalent statement of) the following:
Definition 4. We say that E[t]
satisfies Property L1 if any t-barrel that is a k σ -neighborhood of zero is also a t-neighborhood of zero; that is, if t = t kσ .
Proof. (⇒)
We give two proofs of this implication. Let W ⊂ E be a k σ -neighborhood of zero and let K ⊂ E be t-compact with 0 ∈ K. Take 
This proves that W • is τ c -precompact.
In the second proof notice that since W is absorbent, the set {f (x): f ∈ W • } is relatively compact for any x ∈ E. Thus by Bourbaki's version of Ascoli's Theorem [6, X, §2.5, Theorem 2], it is enough to show that the restriction of W • to any compact subset K of E[t] is equicontinuous. Let x ∈ K and ε > 0 be given. Then 0 ∈ K − x is t-compact,
Let K ⊂ E be t-compact containing 0 and set
Proof. Let A ⊂ E be τ c -compact and set W : 
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Classes of LCS satisfying P-vK duality
The goal of this section is to show that there is a wide range of locally convex spaces that are reflective. We do this as Theorem 4. As an application we obtain results due to Smith and Waterhouse to the effect that reflexive and real Fréchet spaces are reflective. We start with an important result.
Proposition 2.
(
1) If E[t] is bornological, then E is τ c -complete. (2) If E[t] is barrelled, then E is weakly quasi-complete.
Proof. That the converse of the preceding theorem does not hold, is witnessed by Examples 8 and 9 infra. To see that the Property L2 requirement above cannot be dismissed either, see Example 10 below. (Raȋkov [26] ), i.e., if given any compact set A, for every ε > 0 there is a finite F ⊂ A such that A ⊂ F + εB. A TVS is k-barrelled if each k-barrel is a neighborhood of 0. Theorem 1 of Brudovskiȋ [8] says that any k-barrelled space satisfying Property L2 is reflective. In particular quasi-barreled spaces satisfying Property L2 are reflective [8, 1.4] . Thus Theorem 4 is a special case of Brudovskiȋ's Theorem 1.
Remark 4. A barrel B is a k-barrel if it is completely bounded
As we mentioned in Section 1, those parts of [23] that remain correct are enough to support a proof of the following result. For Fréchet spaces it is also proved in [4, 15.2] , and mentioned in passing in [22, 23.9 ] (see Remark 6 infra). As noticed already, for Banach or reflexive spaces this is due to Smith [29] . The exact statement of the result as it stands below was first proved by Waterhouse [30] (Corollary to Theorem 3).
Corollary 2. Fréchet and reflexive spaces are reflective.
Proof. All of them are barrelled spaces [17, pp. 214 and 229], and satisfy L2 (Lemma 2 and Remark 2). ✷
Two additional important classes of locally convex spaces that are reflective are the class of vector spaces equipped with their maximal locally convex topology, and the class of the so-called weakly complete spaces. They are explained in Remark 5 infra.
Examples
As mentioned before, [23] has serious flaws, the first of which occurring in proving his Lemma 2.1. If X is a topological space, let us denote by X k the k-ification of X, i.e., the underlying set of X equipped with the largest topology with the same compact subsets of X [13, §3.3] . Then at some point in the proof of Lemma 2.1 of [23] 
it is claimed that if E[t] is a LCS, then E is closed in the space of continuous real-valued functions C(E[t] k ) when equipped with the compact-open topology. The next two examples show that this is incorrect.
Example 1. Our first example, although not a LCS, illustrates the gravity of the situation: In [12, 3.12] it is constructed, on the integers Z, a group topology τ strictly weaker than the Bohr topology + for Z discrete, such that the only compact sets of G := (Z, τ ) are finite. It follows then (see loc. cit.) that G is a dense proper subgroup of Z + = T. 
Example 3. Let E[t]
be any of the non-complete Montel spaces described in references [2, 21] . These spaces satisfy that their topological dual E is different than the algebraic dual E * of E. Also, as pointed out in Außenhofer [3, 8.14] 
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Hence
Theorem 7. If E[t] is a LCS, then E[t] is polar reflexive if and only if E[t] is psr and saturated.
It is also worthwhile to notice that [22, 21.6(4) and 23.9(5)] yield Corollary 2 for Fréchet spaces. It can be proved that psr implies L2. . We conclude that any polar reflexive space is reflective. This argument is due to the referee. We wonder whether the converse holds:
Question 5. Does group duality imply polar reflexivity?
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